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Abstract— In this paper, we revisit Jan Willems’ behavioral
approach to data-driven simulation of control systems from sev-
eral complementary perspectives. Starting from an input/output
model of a linear time-invariant system, we elucidate the links
between data-driven reconstruction of the model behavior and
least-squares prediction of the system response to a specified
input given an initial condition and a previously measured in-
put/output trajectory. We next establish the connection between
the behavioral approach and subspace identification via oblique
projection by providing a sufficient condition for the validity of
subspace identification via persistence of excitation. When the
memory length (or lag) of the input/output model is significantly
larger than the minimal state dimension, the state vector can
encode the system’s memory more efficiently. Finally, we link
the behavioral approach to minimum-norm interpolation with
vector-valued observations. These results provide a unified
perspective on the behavioral approach, subspace identification,
and minimum-norm interpolation.

I. INTRODUCTION

Mathematical study of dynamical systems aims at describ-
ing how a given system evolves over time subject to its
laws, initial conditions, and inputs (if any). This evolution
can be understood internally using state-space methods or
externally through the system’s behavior. Pioneered by Jan
Willems in a series of papers starting with [1] (see [2] for an
overview), the behavioral approach provides a nonparametric
representation of dynamical systems by identifying them with
sets of trajectories. In the context of linear time-invariant
systems, a central result of the behavioral approach is the so-
called fundamental lemma [3], which states that the set of all
possible trajectories that could be generated by a controllable
linear time-invariant system in a finite time interval can be
reconstructed from a single trajectory driven by a persistently
exciting input. This result has played a foundational role in the
recent advances of data-driven control; see, e.g., [4, 5, 6, 7, 8]
and references therein.

The philosophy underlying the data-driven approach, as
articulated in a clearly written paper of Markovsky and
Rapisarda [5], is that solutions to problems of system
simulation or control should be constructed without an explicit
system identification step. For instance, in the context of
system simulation the procedure that takes the “online” data
(initial condition and a subsequent input of interest) and
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the “offline” data (previous measurements of the system
behavior) and predicts the resulting output should not rely on
identifying the system transfer function, impulse response, or
state-space model. Instead, one aims for a direct approach that
views simulation as an instance of a “missing data” problem
pertaining to the system behavior.

In this paper, we revisit several classical approaches
to system modeling, namely subspace predictive methods
based on least squares [9], subspace identification [10], and
minimum-norm interpolation [11], and reinterpret them from
the perspective of data-driven system modeling informed
by the behavioral view. The common theme underlying all
these methods is that, like in the newer data-driven schemes
and like in the fundamental lemma of Willems, suitable
linear combinations of “offline” data are sufficient for making
predictions regarding “online” data.

A. Notation and definitions

We will make use of the following notation and definitions
throughout the paper. We will use Z+ to denote the set of
nonnegative integers. The Moore–Penrose pseudoinverse of a
matrix A will be denoted by A†. We will use ‖ · ‖2 to denote
the Euclidean (`2) norm on vectors and ‖ · ‖F to denote the
Frobenius (or Hilbert–Schmidt) norm on matrices. Given the
matrices A ∈ Rp×k, B ∈ Rq×k, and C ∈ Rr×k, the oblique
projection of the rowspace of A on the rowspace of C along
the rowspace of B is defined as

A/
B

C := A
[
CT BT

]([CCT CBT

BCT BBT

]†)
first r columns

C (1)

(see [10, Section 1.4.2]). Given a finite sequence of vectors
w0:T−1 = {wt}T−1

t=0 in Rq, the Hankel matrix of depth L is
the (Lq)× (T − L+ 1) matrix given by

HL(w0:T−1) :=


w0 w1 . . . wT−L
w1 w2 . . . wT−L+1

...
...

. . .
...

wL−1 wL . . . wT−1

 . (2)

We say that w0:T−1 is persistently exciting (PE) of order L
if the Hankel matrix HL(w0:T−1) has full row rank. Given
a signal (discrete-time vector-valued sequence) {wt}t∈Z+

, σ
is the backward shift operator defined by (σw)t := wt+1.

II. A REVIEW OF THE FUNDAMENTAL LEMMA

In the behavioral framework, a linear time-invariant system
with q variables is identified with a linear subspace B of the
sequence space (Rq)Z+ which is shift-invariant, i.e., σB ⊆ B.



One can work with various equivalent representations of B,
such as autoregressive, input/output, or input/state/output rep-
resentations [1]. Notions like controllability or observability
can be defined solely in terms of set-theoretic properties of
B, without referring to a particular representation [2].

One of these structural properties pertains to the partition
of the variables of B into inputs and outputs. Without getting
too much into technical details, the idea is that, up to a
permutation of coordinates, each trajectory w ∈ B can be
partitioned into an input trajectory u : Z+ → Rm and an

output trajectory y : Z+ → Rm as w =

[
u

y

]
, such that the

input is free in the sense that{
u : Z+ → Rm

∣∣∣∣ [uy
]
∈ B for some y : Z+ → Rp

}
' (Rm)Z+

(3)

and the output is determined by the input subject to the
system laws and the initial condition. It can be shown that
the number of inputs m, the number of outputs p, and the
dimension n of any minimal state space realization of B
are system invariants that depend only on B and not on the
particular representation of B [1].

Let B be a controllable linear time-invariant system with m
inputs, p outputs, and minimum state dimension n. The main
result of [3], now commonly referred to as the fundamental
lemma, is as follows:

Lemma 1. For each t = 1, 2, . . . , let B|t denote the
restriction of B to times s ∈ {0, . . . , t− 1}. Let a trajectory
wd

0:T−1 ∈ B|T be given, such that the input part of wd
0:T−1

is persistently exciting of order L+ n. Then B|L is equal to
the column space of the Hankel matrix HL(wd

0:T−1).

The main message of Lemma 1 is that the length-L behavior
B|L can be reconstructed, exactly and in a representation-
independent manner, from a single input/output trajectory
of length T ≥ L + (L + n)m − 1, provided the input is
persistently exciting and the system is controllable. This
makes the fundamental lemma a key ingredient in data-driven
approaches to system simulation and control. In the following
sections, we will examine some existing data-driven methods
from the behavioral perspective and highlight their similarities
and differences with the assumptions underlying Lemma 1.

III. CONNECTION TO LEAST-SQUARES PREDICTION

We begin by considering a discrete-time linear system
in input/output form, a specific type of an autoregressive
model. This model relates the sequence of Rm-valued inputs
{ut}t∈Z+ to the sequence of Rp-valued outputs {yt}t∈Z+

through

yt+L +

L∑
k=1

Akyt+L−k =

L∑
l=0

Blut+L−l, t ∈ Z+ (4)

where L is the system lag and where A1, . . . , AL ∈ Rp×p and
B0, . . . , BL ∈ Rp×m are given matrices. The specification of
{ui}Li=0 and {yi}L−1

i=0 provides the initial condition. We can

express (4) more succinctly as follows. Define the polynomial
matrices P (σ) :=

∑L
k=0AL−kσ

k (with A0 = Ip) and
Q(σ) :=

∑L
l=0BL−lσ

l, where σ is the backward shift
operator. Then the input/output model (4) defines a linear
system with behavior

B(P,Q) =

{[
u

y

]
: Z+ → Rm+p

∣∣∣∣P (σ)y = Q(σ)u

}
. (5)

The restriction of the behavior B(P,Q) to the time interval
{t, . . . , t+ L− 1} is denoted by

B(P,Q)|t:t+L−1 =

{[
ut:t+L−1

yt:t+L−1

] ∣∣∣∣ [uy
]
∈ B(P,Q)

}
. (6)

When t = 0, we will use B(P,Q)|L as shorthand for
B(P,Q)|t:t+L−1. We have the following simple lemma.

Lemma 2. There exists a matrix K? ∈ RLp×L(2m+p), such

that each
[
u

y

]
∈ B(P,Q) satisfies

yt+L:t+2L−1 = K?

 ut:t+L−1

yt:t+L−1

ut+L:t+2L−1

 , t ∈ Z+. (7)

Using this lemma, we can characterize (4) through the
behavior parameterized by K?:

B(K?) =


[
u
y

] ∣∣∣∣∣∣ yt+L:t+2L−1 = K?

 ut:t+L−1

yt:t+L−1

ut+L:t+2L−1

 , t ∈ Z+

 .

(8)

The restriction of the behavior to length-2L sequences is
defined as
B(K?)|2L

=

{[
u0:2L−1

y0:2L−1

] ∣∣∣∣ ∃ [ūȳ
]
∈ B(K?) s.t.

[
ū0:2L−1

ȳ0:2L−1

]
=

[
u0:2L−1

y0:2L−1

]}
.

(9)

We now consider the data-driven simulation problem. Let{
(ud

t , y
d
t

)
}T−1
t=0 denote input/output data of length T collected

from measurements of (4). Partition the depth-2L Hankel
matrices H2L(ud

0:T−1) and H2L(yd
0:T−1) as

[
Up

Uf

]
:=



ud
0 ud

1 · · · ud
T−2L

...
...

. . .
...

ud
L−1 ud

L · · · ud
T−L−1

ud
L ud

L+1 · · · ud
T−L

...
...

. . .
...

ud
2L−1 ud

2L · · · ud
T−1


,

[
Yp

Yf

]
:=



yd
0 yd

1 · · · yd
T−2L

...
...

. . .
...

yd
L−1 yd

L · · · yd
T−L−1

yd
L yd

L+1 · · · yd
T−L

...
...

. . .
...

yd
2L−1 yd

2L · · · yd
T−1


,

(10)



where p and f designates a partition into “past” and “future”
data. Let Hp denote the concatenation of Up and Yp, Hp :=[
Up

Yp

]
. Similarly, let Hf :=

[
Uf

Yf

]
. By Lemma 2, Yf can be

expressed as a linear combination of Hp and Uf as

Yf = K?

[
Hp

Uf

]
. (11)

This relation is the basis of subspace predictive control
[9]. Let K̂ ∈ RLp×L(2m+p) be a solution of the following
least-squares linear regression problem:

K̂ := argmin
K∈RLp×L(2m+p)

∥∥∥∥Yf −K
[
Hp

Uf

]∥∥∥∥2

F

; (12)

that is, K̂
[
Hp

Uf

]
is the optimal linear predictor of the output

Yf given the past Hp and the input Uf . Define Gu
pp = U T

pUp,
Gy

pp = Y T
pYp, Gu

ff = U T
fUf , and let Gpf := Gu

pp +Gy
pp +Gu

ff .
The optimal (minimum norm) solution is given by

K̂ =Yf

[
Hp

Uf

]†
=Yf

([
HT

p U T
f

] [Hp

Uf

])† [
HT

p U T
f

]
=Yf

(
Gu

pp +Gy
pp +Gu

ff

)† [
HT

p U T
f

]
=YfGpf

† [
HT

p U T
f

]
.

(13)

When
[
Hp

Uf

]
has full row rank, we have K̂ = K? (i.e., the

identification is exact), since

K̂ =Yf

[
Hp

Uf

]†
=

(
K?

[
Hp

Uf

])[
Hp

Uf

]†
= K?. (14)

We next present a method for computing the output of a
system given a specific input and initial condition. This was
referred to as the data-driven simulation problem in [5].

Theorem 3. Let K̂ be a solution of (12) computed from the
data {(ud

t , y
d
t )}T−1

t=0 . Given an initial length-L input-output
trajectory (u0:L−1, y0:L−1) and a subsequent length-L input
uL:2L−1, construct the predictor ŷL:2L−1 by

ŷL:2L−1 = K̂

 u0:L−1

y0:L−1

uL:2L−1

 . (15)

Suppose that u0:L−1

y0:L−1

uL:2L−1

 ∈ colspace

Up

Yp

Uf

 . (16)

Then we have[
u0:L−1

y0:L−1

]
∧
[
uL:2L−1

ŷL:2L−1

]
∈ B(K?) |2L, (17)

where ∧ denotes concatenation of trajectories.

In the case where the conditions of Theorem 3 hold, we
can first compute K̂ offline (i.e., from the observed data),
then use it to predict ŷL:2L−1 via (15), and the prediction
is guaranteed to solve the simulation problem. In order to
apply this method, we need to know the system lag L. On
the other hand, the fundamental lemma states that, if the
system is controllable and if the input data {ud

t }T−1
t=0 satisfy

the persistency of excitation condition of order 2L+ n with
n being the dimension of any minimal state-space realization
of the system, then {ui, yi}2L−1

i=0 is a valid length-2L input-
output trajectory of (4) if and only if there exists some vector
ξ ∈ RT−2L+1, such that

[
u0:2L−1

y0:2L−1

]
=


Up

Yp

Uf

Yf

 ξ. (18)

In this case, the predictor simplifies to

ŷL:2L−1 = K̂

 u0:L−1

y0:L−1

uL:2L−1

 = K̂

Up

Yp

Uf

 ξ = Yfξ. (19)

IV. CONNECTION TO SUBSPACE IDENTIFICATION

We now consider the setting when the input/output model
(4) admits a state-space realization of the form

xt+1 = Axt +But,

yt = Cxt +Dut,
(20)

where x ∈ Rn is the state vector, u ∈ Rm is the control
input, y ∈ Rp is the output, and A ∈ Rm×m, B ∈
Rn×m, C ∈ Rp×n, D ∈ Rp×m are constant matrices. One
trivial way to construct the state vector is by setting xt =
[uT

t−L, · · · , uT
t, y

T
t−L, · · · yT

t−1]T, which requires specifying the
initial condition x0 = [uT

−L, . . . , u
T
0, y

T
−L, . . . , y

T
−1]T.

Recall the definitions of the L-step extended observability
matrix OL, L-step controllability matrix CL, and the reversed
L-step controllability matrix ∆L associated with (20):

OL :=


C

CA
...

CAL−1

 ,
CL :=

[
B AB A2B · · · AL−1B

]
,

∆L :=
[
AL−1B · · · AB B

]
.

(21)

We also have the block Toeplitz matrix

TL :=


D 0 0 · · · 0

CB D 0 · · · 0

CAB CB D · · · 0
...

...
...

. . .
...

CAL−1B CAL−2B · · · CB D

 . (22)

(See, e.g., Section 2.1 of [10].) Consider again input-output
data {(ud

t , y
d
t )}T−1

t=0 , which we assume to have been generated



by (20) starting from some initial condition x0 ∈ Rn. Then
we have the matrix input-output equations

Yp = OLX0 + TLUp, Yf = OLXf + TLUf , (23)

where X0 :=
[
x0 · · · xT−2L

]
∈ Rn×(T−2L+1) and

Xf :=
[
xL · · · xT−L

]
∈ Rn×(T−2L+1).

The idea behind subspace identification is that, under
certain regularity conditions, the state matrix Xf and the
observability matrixOL can be reconstructed directly from the
input/output data without knowledge of the system matrices
A,B,C.D. Specifically, let Π denote the oblique projection
of the rowspace of Yf onto the rowspace of Hp along
the rowspace of Uf : Π := Yf /

Uf

Hp. Let the singular value

decomposition of Π be given by

Π =
[
U1 U2

] [Σ1 0

0 0

] [
V T

1

V T
2

]
= U1Σ1V

T
1 , (24)

where Σ1 ∈ Rr×r with r = rank (Π). Then, up to a similarity
transformation, we have Xf = Σ

1/2
1 V T

1 (see, e.g., [10,
Theorem 2, Chapter 2]). However, the underlying regularity
conditions involve the state and therefore cannot be verified
on the basis of input/output data alone. The following result
shows that the assumptions required to perform oblique
projection are satisfied under a suitable PE condition on
the input data:

Theorem 4. Let
{

(ud
t , y

d
t )
}T−1

t=0
be an input/output sequence

of length T generated by (20). Suppose that the state-space
realization in (20) is minimal (controllable and observable)
and that rank(OL) = n. Suppose further that the input
sequence is persistently exciting of order 2L + n, i.e.,
rank(H2L+n(u0:T−1)) = (2L + n)m. Then, Π = OLXf

and Xf = Σ
1/2
1 V T

1 .

The next result explicitly connects subspace identification
to the fundamental lemma. As in the setting of Theorem 3, we
partition a length-2L sequence into two length-L segments.
The sequence constitutes a valid length-2L trajectory of (20)
if there exist initial conditions consistent with both segments.

Theorem 5. Let (A,B) be controllable and (A,C) observ-
able. Let input-output data {(ud

t , y
d
t )}T−1

t=0 of length T be
given, and suppose the input is persistently exciting of order
2L + n, where L is chosen so that OL has full column

rank. Then a length-2L sequence
[
u0:2L−1

y0:2L−1

]
is a valid

trajectory of system (20) if and only if there exists some
vector ξ ∈ RT−2L+1 such that[

u0:L−1

y0:L−1

]
=

[
Up

Yp

]
ξ and

[
uL:2L−1

yL:2L−1

]
=

[
Uf

Yf

]
ξ. (25)

In the context of the above theorem, we can view
(Up, Yp, Uf , Yf) as “offline” training data generated by (20).
By splitting the “online” testing sequence into two parts (past
and future), we test whether one can interpolate the past and
future using the same coefficient, where the initial length-L

segment of the testing sequence specifies the initial condition
for the subsequent length-L segment. A similar observation
on the specification of initial condition has been given in
[5, Proposition 1]. However, in the proof of Theorem 5 we
further show that the trajectory passes through a state x̂L at
time L that is a linear combination of states from the training
data, i.e., x̂L = Xfξ for some ξ.

Finally, we revisit the least-squares prediction perspective
of Theorem 3. Notice that we did not require the system to be
controllable. Instead, we assumed the Gram matrix Gpf to be
invertible. Leveraging the link with subspace identification, we
establish in the following lemma that, under the assumption
that the system is controllable and that the input is persistently
exciting of order 2L + n, the Gram matrix has full rank
2Lm + n. We further remark that the input Hankel matrix
has more columns than rows, i.e., T −2L+1 ≥ 2Lm. Hence,
when Gpf has full rank, i.e., T − 2L+ 1 = 2Lm+ n, then
it is invertible.

Lemma 6. Suppose (A,B) is controllable and (A,C)
observable. In addition, suppose that rank (OL) = n and
the input is persistently exciting of order 2L + n. Then,
rank (Gpf) = 2Lm+ n.

V. CONNECTION TO MINIMUM NORM INTERPOLATION

Consider again the input-output model (4), and define zt :=
[uT

t−L, · · · , uT
t, y

T
t−L, · · · yT

t−1]T. We can then write yt = F?zt
for a constant matrix F? ∈ Rp×n̄, n̄ := (L+ 1)m+Lp. This
is the well-known linear regression form of (4), and the zt’s
are called the regression vectors [12, 13]. We can use this to
parametrize the system behavior as

B(F?) =

{[
z

y

]
: Z+ → Rn̄+p

∣∣∣∣ yt = F?zt, t ∈ Z+

}
. (26)

Given observed data
(
zd
t , y

d
t

)T−L−1

t=0
, let Y :=

[yd
0 , · · · , yd

T−L−1], and H := [zd
0 , · · · zd

T−L−1]. The
following direction is easy to establish.

Lemma 7. Any linear combination of columns of
[
H

Y

]
is a

valid pair of regression and output vectors for the model (4).

To prove the reverse direction, we make the connection
to minimum-norm interpolation problems [14, 15, 16]: We
have a vector-valued observation Y = F?H of an unknown
F? and wish to approximate (or predict) y = F?z for a given
z ∈ Rn̄. We have the following error bound:

Lemma 8. Let F̂ be the solution of the minimum-norm
interpolation problem

min ‖F‖2F
s.t. FH = Y

(27)

Then

‖y − F̂ z‖2 ≤ J‖F? − F̂‖F, (28)



where the quantity

J = sup
F∈Rp×n̄\{0}

FH=0

‖Fz‖2
‖F‖F

. (29)

is equal to zero if z ∈ colspace(H).

The scalar case (p = 1) was originally worked out in
[14]. It was subsequently shown by Sard [16] that, for
scalar observations, (28) holds with equality, and J =
dist(z, colspace(H)) (this is a straightforward consequence
of duality). The same result was obtained in the context of
reproducing kernel Hilbert spaces by Liang and Recht [17].
The minimum-norm solution in (27) is given by F̂ = Y H†.
The following is immediate:

Theorem 9. Consider the input/output model (4) in regression
form: yt = F?zt for an unknown F?. Given T − L data
samples

(
zd
t , y

d
t

)T−L−1

t=0
, suppose that H has full row rank.

If (z, y) is a valid pair of regression and output vectors, i.e.,
y = F?z, then we can write y = Y ξ for ξ = H†z.

The requirement of H having full row rank is exactly the
classical persistence of excitation condition for the regression
vectors:

HHT =

T−L−1∑
t=0

zd
t (zd

t )T � 0. (30)

When the system (4) is completely reachable, the PE property
of H is implied by the corresponding property of the inputs
(ud

t )T−L−1
t=0 [12, 13]. Conceptually, the results of this section

are in the spirit of the fundamental lemma, but phrased in
terms of a different representation of the data by outputs
and regression vectors that are consisting of inputs and past
outputs. A related perspective on the fundamental lemma via
regression in reproducing kernel Hilbert spaces was recently
explored in [18].

VI. CONCLUSION

In this paper, we provided a unified behavioral perspective
on subspace identification and minimum-norm interpolation
approaches to simulation of linear systems and clarified the
role of various structural assumptions on the system and on
the data (both offline and online) in each setting. In future
work, we plan to extend this behavioral approach to nonlinear
systems.

APPENDIX I
PROOFS

A. Proof of Lemma 2

Define matrices Ã1, Ã2 ∈ RLp×Lp as

Ã1 = −


AL AL−1 AL−2 · · · A2 A1

0 AL AL−1 · · · A3 A2

0 0 AL · · · A4 A3

...
...

...
. . .

...
...

0 0 · · · 0 0 AL

 ,

Ã2 =


0 0 · · · 0 0

−A1 0 · · · 0 0

−A2 −A1 · · · 0 0
...

...
. . .

...
...

−AL−1 −AL−2 · · · −A1 0

 .
(31)

Likewise, define matrices B̃1, B̃2 ∈ RL×Lm as

B̃1 =


BL BL−1 BL−2 · · · B2 B1

0 BL BL−1 · · · B3 B2

0 0 BL · · · B4 B3

...
...

...
. . .

...
...

0 0 0 · · · 0 BL

 ,

B̃2 =


B0 0 · · · 0

B1 0 · · · 0

B2 B1 · · · 0
...

...
. . .

...
BL−1 BL−2 · · · B0

 .
(32)

Using (4), for t = 0, 1, . . . , we have yt+L

...
yt+2L−1

 =Ã1

 yt
...

yt+L−1

+ Ã2

 yt+L

...
yt+2L−1



+ B̃1

 ut
...

ut+L−1

+ B̃2

 ut+L

...
ut+2L−1

 .
(33)

Moving yt+L:t+2L−1 to the left-hand side, we have

(I − Ã2)yt+L:t+2L−1 =
[
Ã1 B̃1 B̃3

] ut:t+L−1

yt:t+L−1

ut+L:t+2L−1


(34)

Here, I − Ã2 is square, block lower triangular, and each
diagonal block is the identity matrix Ip. Hence, it is invertible,
and we obtain (7) with

K? =
[
(I − Ã2)−1B̃1 (I − Ã2)−1Ã1 (I − Ã2)−1B̃2

]
(35)



B. Proof of Thoerem 3

We start with the case when the identification is exact, i.e.,
K̂ = K?. Using the expression for K? in (35), we can write
ŷL:2L−1 in terms of u0:L−1, y0:L−1 and uL:2L−1 as

ŷL:2L−1 =K?

 u0:L−1

y0:L−1

uL:2L−1


=(I − Ã2)−1B̃1 u0:L−1 + (I − Ã2)−1Ã1 y0:L−1

+ (I − Ã2)−1B̃2 uL:2L−1.
(36)

Hence, we have

ŷL:2L−1 =B̃1 u0:L−1 + Ã1 y0:L−1

+ B̃2 uL:2L−1 + Ã2 ŷL:2L−1.
(37)

Comparing with (33), we conclude that ŷL:2L−1 is the output
of the system (4) with input uL:2L−1 and initial input-ouput
pair (u0:L−1, y0:L−1).

For the general case, let r :=

 u0:L−1

y0:L−1

uL:2L−1

 and R :=

Up

Yp

Uf

,

where r ∈ range(R) by hypothesis. Since K? is a particular
solution of the least-squares problem, it can be written as

K? = K̂ +M(I −RR†) (38)

for some matrix M . By the properties of pseudoinverses,
RR† = RRT(RRT)†. Consider the eigendecomposition of
RRT given by

RRT = UΣU T =
[
U1 U2

] [Σ1 0

0 0

] [
U T

1

U T
2

]
= U1Σ1U

T
1.

(39)

Since r ∈ range(R), there exists some z such that r = U1z,
and we have

(RRT) (RRT)
†

=U1Σ1U
T
1

(
U1Σ−1

1 U T
1

)
r

=U1IU
T
1r

=U1IU
T
1 (U1z)

=U1z

=r.

(40)

Hence,

K̂r =K?r −M(I − (RRT)(RRT )†)r = K?r. (41)

Therefore, we have ŷL:2L−1 = K̂r = K?r. Proceeding as
before, we conclude that ŷL:2L−1 is still a valid output.

C. Proof of Theorem 4

By assumption, the input Hankel matrix H2L+n(u0:T−1)
has full row rank. Consider the input Hankel matrix of
depth 2L denoted by H2L(u0:T−1). Notice that H2L(u0:T−1)
is the concatenation of Up and Uf , i.e., H2L(u0:T−1) =[
Up

Uf

]
=: Up,f . Since H2L(u0:T−1) is a row submatrix of

H2L+n(u0:T−1) and the latter has full row rank, H2L(u0:T−1)
also has full row rank, i.e.,

rank(H2L(u0:T−1)) = 2Lm. (42)

Hence, we have

rowspace(Up) ∩ rowspace(Uf) = {0}. (43)

Since rank(CL) = n, applying [19, Theorem 1], we have

that rank

([
X0

Up,f

])
= n + 2Lm. Combined with (43), we

have that the following two row submatrices also have full
row rank:

rank

([
X0

Up

])
= Lm+ n, rank

([
X0

Uf

])
= Lm+ n.

(44)

Hence, we have

rowspace(X0) ∩ rowspace(Up) = {0}, (45)
rowspace(X0) ∩ rowspace(Uf) = {0}. (46)

so Assumptions 1 and 2 in [10, Theorem 2, Chapter 2] hold.

D. Proof of Theorem 5

First, from [19, Theorem 1], the PE condition implies

rank

X0

Up

Uf

 = 2Lm+ n.

(⇒): Suppose that
[
u0:2L−1

y0:2L−1

]
is a valid input-ouput

trajectory of (20). Then there exists an initial state x̂0 such
that

y0:L−1 = OLx̂0 + TLu0:L−1. (47)

Since rank

Up

Uf

X0

 = 2Lm + n, there exists some ξ ∈

RT−2L+1 such that u0:L−1

uL:2L−1

x̂0

 =

Up

Uf

X0

 ξ. (48)

Thus, we have[
u0:L−1

y0:L−1

]
=

[
I 0

TL OL

] [
u0:L−1

x̂0

]
=

[
I 0

TL OL

] [
Up

X0

]
ξ

=

[
Up

Yp

]
ξ.

(49)

Moreover, from the linear dynamics (20), we have

Xf = ALX0 + ∆LUp. (50)



Hence, at time L, we have

x̂L =ALx̂0 + ∆Lu0:L−1

=
(
ALX0 + ∆LUp

)
ξ

=Xfξ.

(51)

Thus, starting from x̂L = Xfξ with input sequence uL:2L−1 =
Ufξ, we have[

uL:2L−1

yL:2L−1

]
=

[
I 0

TL OL

] [
uL:2L−1

x̂L

]
=

[
I 0

TL OL

] [
Uf

Xf

]
ξ

=

[
Uf

Yf

]
ξ.

(52)

(⇐) Since
[
u0:L−1

y0:L−1

]
=

[
Up

Yp

]
ξ, and

[
Up

Yp

]
is constrained

by the matrix input-output relation (23), we have[
u0:L−1

y0:L−1

]
=

[
Up

Yp

]
ξ =

[
I 0

TL OL

] [
Up

X0

]
ξ. (53)

Hence, we have

y0:L−1 = Ypξ = OLX0ξ + TLUpξ (54)

Since u0:L−1 = Upξ, we conclude that y0:L−1 is the output
from x̂0 := X0ξ with input u0:L−1. As (u0:L−1, y0:L−1) is a
valid input-output trajectory, we can use the linear dynamics
(20) and Xf defined in (50) to obtain the state vector at time
L as

x̂L = ALx̂0 + ∆Lu0:L−1 = ALX0ξ + ∆LUpξ = Xfξ.
(55)

For the second segment, using the assumptions and the
matrix input-output relation for Uf , Yf , we have[

uL:2L−1

yL:2L−1

]
=

[
Uf

Yf

]
ξ =

[
I 0

TL OL

] [
Uf

Xf

]
ξ. (56)

Thus, we have

yL:2L−1 =Yfξ

=OLXfξ + TLUfξ

=OLx̂L + TLuL:2L−1,

(57)

where the last equality follows from (55). Therefore, we
conclude that yL:2L−1 is the output from x̂L = Xfξ with
input uL:2L−1.

E. Proof of Lemma 6

Recall that we have shown rank

([
X0

Up

])
= Lm + n in

(44). From the state space representation, we have the matrix
input-output relation[

Up

Yp

]
=

[
I 0

TL OL

] [
Up

X0

]
. (58)

Thus, under the assumption that OL has full column rank, we

have rank

([
Up

Yp

])
= Lm+ n. On the other hand, formula

(2.16) in [10] indicates that we have rowspace

([
Up

Yp

])
∩

rowspace (Uf ) = {0}. Since by the PE condition we also
have rank (Gu

ff) = rank (Uf) = Lm. Hence, we have

rank
(
Gpf

)
= rank

Up

Yp

Uf

 = 2Lm+ n. (59)

F. Proof of Lemma 7

Let c = [c0, · · · , cT−L−1], z̃−s =
∑T−L−1

j=0 cjzj−s,
ỹ−s =

∑T−L−1
j=0 cjyj−s, ũ−s =

∑T−L−1
j=0 cjuj−s Since for

each j = 0, · · · , T − L− 1, each column of
[
H

Y

]
is a valid

trajectory of (4), we have

yj +

L∑
k=1

Akyj−k =

L∑
l=0

Bluj−l. (60)

Multiplying by cj and summing over j, we have

T−L−1∑
j=0

cjyj +

L∑
k=1

Ak

T−L−1∑
j=0

cjyj−k


=

L∑
l=0

Bl

T−L−1∑
j=0

cjuj−l

 .

(61)

Hence, we have

ỹ0 +

L∑
k=1

Akỹ−k =

L∑
l=0

Blũ−l. (62)

That is, (ũ, ỹ) satisfy equation (4).

G. Proof of Lemma 8

Equip H = Rp×n̄ with the Hilbert–Schmidt inner product

〈F,G〉 := tr(F TG) (63)

that induces the Frobenius norm. Given the linear measure-
ment operator M : H → (Rp)T−L by MF := FH , define
the following subspaces of H:

N := ker(M), (64)

M := N⊥ = {F ∈ H : 〈F,G〉 = 0, G ∈ N} . (65)

The adjoint operator M∗ : (Rp)T−L → H is given by

M∗(y0, . . . , yT−L−1) =

T−L−1∑
t=0

ytz
T
t, yt ∈ Rp. (66)

Since all spaces here are finite-dimensional, the range
range(M) is closed, and therefore M = N⊥ = range(M∗)
[20, Section 6.6, Theorem 2].

Let ΠM denote the orthogonal projection onto M. Then
F̂ := ΠMF? is the unique solution of the minimum-norm
interpolation problem (27), and there exists a linear operator
E, such that F̂ = EF?H = EY [16, Theorems 1–4].



Moreover, for any linear operator T : H → Rp we have
the error estimate

‖T F̂ − TF?‖2 ≤ ‖T � N‖ · ‖F? − F‖F, (67)

where

‖T � N‖ = sup
F∈N
‖F‖F=1

‖TF‖2 (68)

is the operator norm of the restriction of T to N [16,
Lemma 4]. We specialize this to the operator TzF := Fz:

‖Tz � N‖ = sup
F∈N
‖F‖F=1

‖Fz‖, (69)

and the expression for J in (29) is immediate from this. By
the characterization of M = range(M∗), ‖Tz � N‖ = 0
whenever z ∈ colspace(H).
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