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Abstract—We generalize Jan Willems’ behavioral approach
to a class of discrete-time nonlinear systems in a vector-valued
reproducing kernel Hilbert space (RKHS). Apart from linear time-
invariant systems, this class covers nonlinear systems modeled by
Volterra series and their autoregressive variants, as well as systems
admitting Hammerstein-type state-space realizations. We apply
the proposed framework to the problem of data-driven modeling
of such systems, i.e., when simulation or control objectives for
an unknown system are carried out without an explicit system
identification step. To that end, we link the behavioral approach
to two data-driven modeling methods in a vector-valued RKHS:
(1) minimum-norm interpolation and (2) subspace identification.

I. INTRODUCTION

The mathematical study of dynamical systems seeks to
describe the evolution of a given system over time under its
governing laws, initial conditions, and inputs (if any). This
evolution can be studied internally through state-space methods
or externally via the system’s behavior. Pioneered by Jan
Willems in a series of papers starting with [1]] (see [2] for
an overview), the behavioral approach identifies dynamical
systems with sets of their trajectories. For linear time-invariant
systems, the cornerstone of this framework is the so-called
fundamental lemma [3], which asserts that the set of all
trajectories of a controllable linear time-invariant system over a
finite time horizon can be reconstructed from a single trajectory
driven by a persistently exciting input. This result has become
central to recent advances of data-driven control; see, e.g.,
[4L 15, 16 [7, 18] and references therein.

The philosophy underlying these data-driven approaches, as
clearly articulated in the paper by Markovsky and Rapisarda [3]],
is that simulation or control should be carried out without an
explicit system identification step. In the context of simulation
of linear systems, for example, this principle is supported by
the fact that, given an initial condition and a subsequent input
of interest, one can combine it with previous measurements
of the system behavior to predict the resulting output without
identifying the system transfer function, impulse response,
or state-space model. Rather, simulation can be viewed as a
“missing data” problem, to be solved directly using the available
trajectories.

While this viewpoint has led to a rich and mature liter-
ature for linear systems, extending it to nonlinear systems
is substantially more challenging, as the trajectory sets no
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longer form linear subspaces. Several works have explored
nonlinear analogues of the fundamental lemma for structured
nonlinear systems. Examples include bilinear systems [9],
second-order Volterra systems [10], flat nonlinear systems
[[L1]], Hammerstein and Wiener systems [12], and a Koopman-
type linear embedding posited in [13]. A promising direction
is to use a reproducing kernel Hilbert space (RKHS) to lift
the trajectories of nonlinear systems into a (possibly infinite-
dimensional) feature space. In this vein, Huang, Lygeros, and
Dorfler [14] investigated kernelized data-enabled predictive
control, where the resulting models are regression-based
approximations rather than behavioral characterizations. More
recently, Molodchyk and Faulwasser [15] established the link
between kernel regression and Willems’ fundamental lemma,
and showed that several existing nonlinear extensions of the
fundamental lemma, such as those for Hammerstein and flat
systems, can be interpreted as instances of kernel regression
with specific choices of kernel when the induced RKHS is
finite-dimensional.

In this paper, we extend the behavioral framework beyond
the linear settings for characterizing the behavior of nonlin-
ear systems in RKHS via minimum-norm interpolation and
subspace identification repurposed for nonlinear systems. We
reinterpret both minimum-norm interpolation and subspace
identification through the behavioral lens, and clarify the role
of various structural assumptions on the system, the offline and
online data, and the space of functions used to represent the
nonlinear aspects of the system. A unifying theme across these
two methods is that, like in the modern data-driven schemes
and in the spirit of the fundamental lemma, predictors and the
desired “online” trajectories can be expressed in terms of the
kernelized “offline” examples. When working in an RKHS,
as noted by Molodchyk and Faulwasser [15], this structure
further mirrors the representer theorem [[L6]: the solution can
be written as a finite linear combination of kernel evaluations
along the observed trajectories.

The remainder of this paper is organized as follows. In Sec-
tion [II} we recall the fundamental lemma of Willems for linear
time-invariant systems and introduce basic concepts regarding
scalar-valued and vector-valued RKHSs. In Section we
introduce a class of nonlinear systems whose nonlinearity is
encoded by an element in the vector-valued RKHS of functions
on the set of finite-length sequences of inputs. In Section
we establish a Behavior Representer Theorem for nonlinear
systems using minimum-norm interpolation and contrast it with
the fundamental lemma. Compared with the work of Molodchyk
and Faulwasser [15], we consider minimum-norm interpolation
instead of (regularized) least-squares regression in a vector-
valued RKHS. We further establish an error estimate that holds
with equality as in Lemma [4] rather than the inequaliity in [15]



Lemma 2]. In Section [V| we present a subspace identification
framework for nonlinear systems in an RKHS and provide a
fundamental lemma characterization of finite-length trajectories
with kernelized input vectors and outputs.

II. PRELIMINARIES
A. Notation and definitions

We will make use of the following notation and definitions
throughout the paper. We will use Z, to denote the set of
nonnegative integers. The Moore—Penrose pseudoinverse of a
matrix A will be denoted by A'. Given the matrices A € RP**,
B € R and C € R"**, the oblique projection of the
rowspace of A on the rowspace of C' along the rowspace of

ccr

B is defined as
i
BT
o— T T
A/C = Afo B]QBC,, BB,,]) c
first » columns

(see [17, Section 1.4.2]). Given a finite sequence of vectors
Wo.T—1 = {wt}tT;Ol in RY, the Hankel matrix of depth L is
the (Lq) x (T'— L + 1) matrix given by

wWo w1 wr—-L
w1 w2 Wr—L+1
Hi(wor—1) ==
wr—-1 wWL wr—1

We say that wg.7—1 is persistently exciting (PE) of order L
if the Hankel matrix Hp,(wg.7—1) has full row rank. Given
a signal (discrete-time vector-valued sequence) {w; }iez O
is the backward shift operator defined by (cw); = we1.
Additional notation will be introduced as needed.

B. A review of the fundamental lemma

In the behavioral framework, a linear time-invariant system
with ¢ variables is identified with a linear subspace B of
the space of all one-sided sequences of g-dimensional real
vectors denoted as (R?)%Z+ which is shift-invariant, i.e., o8 C
B. One can work with various equivalent representations of
B, such as autoregressive, input/output, or input/state/output
representations [[1]. Notions like controllability or observability
can be defined solely in terms of set-theoretic properties of 1,
without referring to a particular representation [2].

One of these structural properties pertains to the partition of
the variables of B into inputs and outputs. Without getting too
much into technical details, the idea is that, up to a permutation
of coordinates, each trajectory w € BB can be partitioned into
an input trajectory v : Z; — R™ and an output trajectory

y:Zy - RP asw = {u]’ such that the input is free in the
Y
sense that

{u:Z+—>RmHZ] EBforsomey:Z+—>Rp}

~ (R™)Z+

and the output is determined by the input, subject to the system
laws and the initial condition. It can be shown that the number

of inputs m, the number of outputs p, and the dimension n of
any minimal state space realization of 53 are system invariants
that depend only on 5 and not on the particular representation
of B [1l.

Let 55 be a controllable linear time-invariant system with m
inputs, p outputs, and minimum state dimension n. The main
result of [3]], now commonly referred to as the fundamental
lemma, is as follows:

Lemma 1. Foreacht =1,2,..., let B|; denote the restriction
of B to times s € {0,...,t—1}. Let a trajectory wi..._, € B|r
be given, such that the input part of wg:T71 is persistently
exciting of order L+n. Then B|, is equal to the column space
of the Hankel matrix Hy,(wl,_,).

The main message of Lemma |l|is that the length-L behavior
B|L can be reconstructed, exactly and in a representation-
independent manner, from a single input/output trajectory
of length T > L + (L + n)m — 1, provided the input
is persistently exciting and the system is controllable. This
makes the fundamental lemma a key ingredient in data-driven
approaches to system simulation and control.

C. Reproducing Kernel Hilbert Spaces

In this paper, we make extensive use of vector-valued
reproducing kernel Hilbert spaces. We start by describing the
more familiar definition of a scalar-valued RKHS; we refer
interested readers to [18]] for details. Let X be a set. A Hilbert
spacd!| % with inner product (-, )3 is an RKHS on X if its
elements are functions from X to R and if for each x € X there
exists a positive constant C, such that | f(z)| < Cy||f|l% for
all f € H. In other words, # is an RKHS on X if the evaluation
functional 6,.(f) := f(z) is bounded (hence continuous) for all
x € X. To each RKHS, we can associate a reproducing kernel,
i.e., a mapping x : X X X — R that satisfies the positivity
condition

Z cicjk(xi, ;) >0

i,j=1
foralln €N, ¢1,...,¢, € R, and z1,...,z, € X, such that
k(-,x) is an element of H for each z € X and the following
property (called the reproducing kernel property holds:

f(@) = (f, k()

Moreover, the set {x(-,z) : x € X} is total in H (i.e., its
linear span is dense in H). The map ¢ : X — H defined
by ¢(x) := k(-,x) is called the canonical feature map. By
the Moore—Aronszajn theorem [19], the reproducing kernel s
specifies ‘H uniquely up to linear isomorphism.

We now describe the vector-valued generalization of the
above definition [20]]. Let XC be a Hilbert space, and let £(K)
denote the Hilbert space of bounded linear operators on X with
the Hilbert—Schmidt norm. Then we say that H is a K-valued
RKHS on X if its elements are functions from X to K and if
the evaluation map 0, (f) := f(x) from H to K is bounded

forall feH,z e X.

!Unless indicated otherwise, all Hilbert spaces in this paper are assumed to
be defined over the reals.



(hence continuous) for all x € X, i.e., there exists a positive
constant C,; such that || f(z)||x < C.||f|l%. The vector-valued
analogue of the reproducing kernel is an operator-valued map
k: X x X — L(K) of the positive type, i.e., such that the
inequality

Z cicj(k(xi, zj)v,v) >0

i,j=1

holds for all n € N, ¢1,...,¢, € R, z1,...,2, € X, and
v € K. The reproducing kernel property then takes the form

(f(x),v)c = (f,k(,2)v)y, foral feH,x e X,veEK

where, for each € X, x(-,z) is an element of the linear
space L(/C,H) of bounded operators from K to H. The map
x — k() from X into L(K,H) is the (operator-valued)
canonical feature map.

A basic example of a vector-valued RKHS which will be used
frequently in the sequel is H = L(V, W), where V and W are
finite-dimensional inner-product spaces and where we equip H
with the Hilbert-Schmidt inner product (A, B)y = Tr(A*B).
For the sake of completeness, we present the straightforward
proof of the following lemma in Appendix [A]

Lemma 2. H is a VW-valued reproducing kernel Hilbert space
on V with the operator-valued reproducing kernel k (v,v") =
(v,v")p Iy, where Ly is the identity operator on W.

IIT. NONLINEAR SYSTEMS IN A VECTOR-VALUED RKHS

We now introduce a class of discrete-time nonlinear systems,
where the nonlinearity is represented by an element of a
given vector-valued RKHS of functions on the set of finite-
length sequences of inputs. We will use the following notation
throughout:

o U :=R™ is the space of inputs;

¢ YV :=RP is the space of outputs;

o U:=U¥T"is the space of length-(L 4 1) input sequences,

where L € Z is a fixed lag;

o Y := Y% is the space of length-L output sequences;

« Z:=UXY.

We introduce the system model in Section and the

associated behavioral constructs in Section [LII-B} and close by
discussing several examples in Section

A. System model

Let Hy be a vector-valued RKHS of functions from U into ),
with the operator-valued kernel xy of positive type We con-
sider systems parametrized by (L + 1)-tuples (A1,..., AL, g),
where Aj,...,Ar € L(Y) and g € Hy. The input/output
relation corresponding to (Ay,..., Ar,g) is given by

L

Yt+L T Z Ayirrn—k = 9 (Uptt1.)
k=1

teZy (1)

2Here and elsewhere, all finite-dimensional vector spaces are automatically
treated as Hilbert spaces with the usual Euclidean inner product.

where w441, is the restriction of the input sequence u € U+
to the set {t,t + 1,...,¢t + L}. By the reproducing kernel
property, we can also write

9(ustr) = Ku(s Uueer1)™ 9,

where sy (-, upirr)” € L(Hu,Y) is the adjoint of the
canonical feature map ky (-, urt41) € L(Y, Hu).

It is also convenient to cast (I} in an alternative nonlinear
regression form. For each t, let y;+ denote the output y;4 1 at
time ¢ + L and define the regression vectors

2t = [u;tv U 7u;€+L7 y; U szrLfl]T €z @)
in analogy to the corresponding construct for linear systems
21} 22]. As we now show, we can introduce a )V-valued RKHS
H = of functions from Z into ), such that the autoregressive
nonlinear model of (I) can be represented as

Y+ = f(2t) 3)
for some f € Hz that depends on (44,...,ArL,9g).
To that end, let us first express (II]) as
Vel = A Yrerr—1 + 9 (Usi41)
+ + @)

= f (ut:t+L; yt;t+L71) ,

where A~ € L(Y,)) is the linear operator defined by

A_y = — [Al As AL] v, RS Y.

By Lemma 2] Hy = £(Y, D)) is a V-valued RKHS on Y with
the reproducing kernel sy (7,y’) = (¥'y’')[y. Consider the
direct-sum Hilbert space Hz = Hy ¢ Hy, whose elements
f:+Z — Y are pairs (g, h) where g € Hy, h € Hy, and for
each z = (u,y) € Z, f(2) = g(u) + h(y). The inner product
in Hz is

(f1s f2)3. = (91, 92) 34, + (has ha)gy,

for f1 = (g1,h1), f2 = (ge, h2). Since Hy, Hy are YV-valued
RKHSs with operator-valued kernels «y and ky, Hz is also
an RKHS with operator-valued kernel defined by

kz(21,22) = ky(t1, U2) + Ky (T1,T2) »
21 = (thl) , B2 = (ﬂ2752) € Z.

This can be proved as follows: for any f € Hz and v € ),
we have

(£(2),v)y ={g(2),v)y + (h(2),v)y
= <ga KU('aﬂ)’U>HU + <ha KY('7§)U>HY

= <f7 (HU('vﬂ) + HY('ag)) U>Hg )

where the second line follows from the reproducing kernel
property. In particular, holds with the function f defined

in @).



B. Behaviors

In this section, we introduce several behavioral constructs
related to the system model of Section

Given (Ay, ..., Ay, g), define the operator P(c) := Agol +
Z,le Apol=F (with Ay = Iy), where o is the shift operator
acting on output sequences. Then (1)) is equivalent to

(&)

and we can define the behavior of (A4,...,A4,g) as the

following subset of the space of all input/output sequences:
B(Ah. .. ,AL7g)
= B(P,9)

(pewer

For t € Z.., the restriction of the behavior B(P, g) to the finite
time interval {¢,...,¢+ L} is defined by

mRmMHL:{F“”HaF}emRm

Yt:t+L Y
such that [th:HL] = [ut:tﬂ‘] }
Y:t+L Yt:t+L
When ¢t = 0, we will use B(P,g)|; as shorthand for

B(P, g)lt:t+L-
Next, we turn to the nonlinear regression form in (3). Recall
that the identity

(P(o)y) (t) = ku (- urer )" 9, teZs

(6)

(@) holds for all ¢ € Z+} .

f(z) =rz(2)"f
holds by the reproducing kernel property. Define the operator
R:(Ux V) — L(Hz,Y) x Y by

R[] = trztez0 o),
where

20 = [ug, - UL, Yo, Y1)y Yo+ = UL @)

is the regression vector at time ¢ = 0 [cf. Eq. (Z)] and the
output at time ¢ = L. We say that (H,y) € L(Hz,Y) x YV is
an input-output (i/0) pair of the system (@) if Hf = y. This
leads naturally to the following behavioral description:

v}

is an i/o pair of (3) for each ¢ € Z+}.

s = ([} cwor

When (A, .
verified that

wmwwAbmu—{PM]
Yo:L

where zo and yo+ are defined in (7).

..,Ar,g) and f are related via (3), it is easily

HZ('& ZO)*f = y0+} ) (8)

C. Examples

1) LTI Systems: Let Hy consist of all linear operators from
Uinto ), ie., Hy = £L(U,)). By Lemma this is a Y-valued
RKHS on U. Any g € Hy can be represented as g(ug..) =
Brug + - - - 4+ Bouy, for some linear operators By, ..., B €
L(U,Y). Then Eq. (T) describes a linear autoregressive model
of order L:

L L
Yerr + > Axtrs—k = Y Biurir .
k=1 1=0

The operator-valued kernel map is given by
#u(uo:L,vo:.) = (Uo.L, vo:.L)uly,

where

L

(wo.r,vo:L)u = ZUITW

1=0
is the {2 inner product on U viewed as a direct sum of L + 1
Hilbert spaces &/ = R" with the Euclidean inner product
(u,v) = u'v.

2) Volterra series: When A, =0 forall k =1, -, L, the

nonlinear autoregressive model in (I) reduces to

vt e N. ©)

This system has finite memory of length L+ 1, since the output
at each time ¢ > L is determined by the inputs in the finite
time window {¢,¢t —1,...,¢t — L} of length L + 1. Systems
of this type are often represented using Volterra series. De
Figueiredo and Dwyer [23] used the formalism of weighted
Fock spaces to connect Volterra series representation to the
RKHS framework.

Let us assume for simplicity that p = 1 (i.e., the outputs y;
are scalar). Let p = (pr)r>0 be a sequence of positive reals,
such that the infinite series

= 1
A=) A\
q(A) kzz()k!f’k

converges for all A € R, and let Hy denote the RKHS of
functions from U into R with the reproducing kernel

Yt+L = g(ut:t+L)>

HU(UO:L,UO:L) = CI(<U0:L,UO:L>U)-

Let hg and (hg(i1,... i) : k € Nyiy,...,ip € {0,...,L})
be a collection of real coefficients satisfying the condition

Pk
Pellhwl2 < oo,

k=0
where ||hglo := |ho| and
. . 1/2
nmm:<§3~§NM@““”W>
i1=0  ip=1

for k =1,2,.... Then any function g : U — R of the form

g(ug:.r) = ho + Z Z

k=141,...,ix€{0,...,L}

k
hk(il, PN ,’ik) H uij
j=1

is an element of Hy [23].



Removing the restriction A; = --- = Ap = 0 yields a
broader class of nonlinear systems that subsumes the models
studied in [23].

3) State-space models: Consider a Hammerstein state-space
model of the form

l‘t+1 = AIt —+ Bl/}l (ut) s
yr = Cxy + Do (us)

where ¥1,19 : U — RY are two (nonlinear) functions. We
assume that the state x; takes values in R™, so A € R"*",
B e R" 4, C € RP*"™ and D € RP*4, We can obtain an input-
output representation from the state-space representation
(10) as follows.

Introduce the Markov parameters M, := C A7 B € RP* for
j > 0. Define the L-step controllablity matrix Cr,, the L-step
observability matrix Op, the reversed L-step controllability
matrix Ay, and the modified block Toeplitz operator 7;, as

(10)

CL:=[B AB A’B AL-1B],
T C
CA
OL = . )
OA.L71
Ap:=[A"1B AB BJ, (11)
[0 0 - 0 0
M, 0o - 0 0
7, = | M M, 0 0
| Mp—2 Mg My 0

Let us assume that L > n is such that rank(Op) = n. Then
from (I0), for K =0,---, L, we have

k—1
Yirrn =C A z p + Z M1 (w—r1k5—1—5)

7=0
+ D¢2(ut_L+k).

Define the vectors

(12)

Yt—L

Y, = € RPE,
LYt—1
()1 (us—1)]

E, = : e R,
_wl(ut—l)_
[ (us—1)]

F, = : e R,
_1/)2(Ut—1)_

Then, stacking the equations in (I2) for k=0to k=L —1,
we have

Y =0z +ToE + (I ® D) F;.
Since rank(Qp) = n, we can solve for z;_:

2o =0} (Y- TE ~ (L& D)F).  (3)

On the other hand, when k£ = L, we have
L-1

y = CA 2 + Z Mjvpr (wp—1—j) + Dipa(uy).
=0

Plugging in the expression for x;_j, from (13),

y = CAOL (Yi = TuBu — (I, © D) Fy)
L—1
+ Z M1 (up—1—j) + Dipa(uy).

§j=0
The matrix @ := CALOE € RPXPL can be written in
block form as Q = [Qr_1, -+, Qo] with Q; € RP*P for
i=0,---,L—1. Setting A}, ;== —Qy, fork=1,--- | L —1
and moving them to the LHS of the above equation, we have

L -1
Y + Z Apyi—r = Z M1 (u—1—j) — QTLE;

k=1 =0

— QL ® D) Fy + Dpa(uy).

With M = [M,_y,--- M) € RP*™E | we can write the RHS
as a function of on u;_y,.; as

L
Ye + Z Apyi—k
k=1
Ey
=|M-@T. -@u.eD) D|| R
5 ¢2(Ut)
= . ,
=p(ut—r:t)
=: g(us—r:t),
where S € RPX9CLHD y(y,_1.,) € RICEHD) and g defined
above is a mapping from U into Y = RP. Assume now

that 11,9 are elements of some R?-valued RKHS # on
U. Thus, by definition, the evaluation maps ¢ — 11 (u) and
9 > to(u) are bounded for each u € U. Consider the
direct-sum Hilbert space K := H®(L+1) with inner product
<h, h/>H@(2L+1) = Zji0<hjvh3>7'l for h = hg ® -+ P har.
The function g defined above is an element of the linear space
F of functions f : U — ) of the form

L 2L

fluo.r) = Soho(uo) + D Sihy(u;) + > Sihs(u;-r),
J=1 j=L+1

where h = hy @ --- @ hop ranges over K and where

S0,51, ..., are linear operators from R? into ) = RP.

For each ug.,, the evaluation map f — f(uo.r,) is continuous

on F. Thus, g belongs to some )-valued RKHS on U.

IV. BEHAVIOR REPRESENTER THEOREM VIA MINIMUM
NORM INTERPOLATION
Let (u, y)IH5~1 be a finite input-output trajectory gener-
ated by an unknown system of the form (I). In other words,
there exists an unknown (L + 1)-tuple (A;,..., AL, g), such
that

d
Uqn. _
[ 0:T+L 1} € B(A1,..., AL, 9)|T+1—1-
Yo.7+1-1



The problem of data-driven behavioral modeling is
to reconstruct the unknown length-L behavior segment
B(A1,..., AL, g)|r from the data without explicitly estimating
Al,...,AL,g.

Let f be the regression representation of (Ay,...,Ar,g) as
in (@. Using the definitions of z; in @) and y;+ := yitr,
we can represent the data (uf,y?)tT;bL_l equivalently by
(zf,ny,)tT;Ol, such that f(z8!) = y+ holds for all t =
0,...,7 — 1. In other words, for each t = 0,...,T — 1,
(kz (- 2z8)*, ¥ ) is a valid i/o pair for (3). In view of the
equivalence (8), the question we would like to answer is
whether we can reconstruct the set of all valid i/o pairs of the
unknown f from the given data.

The following result is easy to establish:

Theorem 3. For any collection of real coefficients cg, . .., cr—1,
(23:01 cikz (s z?)*, ngol cjyjd+) is a valid i/o pair for the
model (3.

Theorem shows that any linear combination of
(kz (-, zf)*,yf)tT:_Ol is a valid i/o pair of (3. We now
analyze the reverse direction by relating it to minimum-norm
interpolation in a vector-valued RKHS [24]]. Let finite
input-output data {(z;,v;)}N ;' C Z x ) be given and
consider the following problem:

minimize ||f||§12
subject to f (zj) =y, j=0,---,N—1

7‘[3 — yN by
By [24, Theorem 3], if

(14)

Define the sampling operator Sy

Snf = (f(20), -+, f(zn-1))-

(Yo, -..,yn—1) € range(Sy), then the minimum norm inter-
polation problem in has a unique solution given by
N-1
fn =Y kz(z)v;, (15)
7=0
where (v, ...,vn_1) € YV solves the system of equations
N-1
kz (25, z1)u = Yy, j=0,...,N—1. (16)

1=

We can express this more succinctly as follows.

Since Y = RP, for each z € Z we can view rz(-,2) as a
mapping from R? into Hz, i.e., for each v € RP, kz(+,2z)v €
H z. Define the mapping ®y : RPNV — Hz as

N-1

dNU = kz (-, 2j)v;,

j=0

where ¥ = (vg, -+ ,uy_1) € RPN, In particular, fx = ® 57,
where v is the solution of . Next, define the block kernel
matrix Ky := ®3®y € RPV*PN whose blocks are given
by [Knlij = kz(2i,2;) for i,j =0,--- ,N — 1, as well as
the block row vector ky(2) := kz(-,2)*®y € RPXPN with
blocks [kn(2)]; = kz(z,2;) for j =0,--- , N — 1. Using the
reproducing property and the above definitions, we can write

fN(Z) = f@z('yz)*fN
=kz(-,2) N K yn

= kn(2)K\ Yy, (17)

where Yy = [4f,...
Yn(z) € RPXP as

Yn(2) i =kz(z,2) — kN(z)K]TVkN(z)*.

We now present two key lemmas. The first one is a structural
characterization of Y

,YN_1]". Finally, for each z define

(18)

Lemma 4. For each z, the operator ¥.n(z) is symmetric and
positive semi-definite, and ¥ (z) = 0 iff range (kz(+,2)) C
range(Py ).

The second one is an extension of a result of Liang and Recht
[25, Lemma 1] to the minimum-norm interpolation problem
in the vector-valued RKHS H =:

Lemma 5. Suppose that the problem (14) admits unique
solutions fx and fn1 given the respective data {(z;,y;)} N !
and {(zi,y:))}ot U{(2n,yn)}. Then the following holds:
1) IfEN(ZN) =0, then YN — fN (ZN) =0.
2) If Xn(zn) = 0, we have

2 2
vl — a5,

2 19
= HEN(ZN)_I/Q (yn — fn (ZN))Hy o
Lemma [3 characterizes the error incurred when we use
yn = fn(zn) as a predictor of yny = fni1(zn), where
fn is the solution to the minimum norm interpolation problem
on {(z,v;)}X,". In particular, the prediction is exact when
Yn(zn) = 0. If En(zn) is nonzero but still positive definite,
the identity (I9) expresses the squared norm of the weighted
prediction error ¥ (2x )~ '/?(yn — Jn) in terms of the norms
of fN+1 and fN.
In a scalar-valued RKHS, Xy (z) is equal to

diStZ(Iig(~, z),span(kz (-, 20), -+ ,kz(-, 2n-1)))

lkz(y2) = hlg,, @Y

= min

hespan(kz(-,z0), Kz (2N -1))
the squared distance from kz(-,z) to the linear span of
kernel functions centered at the observed samples [25)]. While
Lemma [5] applies to any vector-valued RKHS of Y-valued
functions on H z, a natural choice of the operator-valued kernel
could be kz(z1,22) = k% (21,22)]y, where k% is a scalar-
valued kernel function. Let K3 = [k%(z;, 2;)]0;_ € RV*N
be the Gram matrix defined by the scalar-valued kernel %
on the points zp, ..., 2n—_1, let k3 (2) € RN be the row
vector with [k3,(2)]; = k%(2, %), Ky = K} ® Iy, and
Kn(zn) = k% _1(2) ® Iy. Finally, define

) HSZ(" ZN—l)) ) H%('v ZN)} )
where the distance is computed in the scalar-valued RKHS
induced by k%, cf. (20). Then, using the properties of the
Kronecker product ®, we can compute Xy (zn) as follows:

En(zn)

= Hz(ZN, ZN) — KN(ZN)KJTVKN(ZN)*

= k% (2N, 2n) Iy

— (ky_1(zn) @ Iy)" (Kx 4 ® Iy)T (kx_1(zn) @ Iy)

sy = dist {span (k% (-, 20), - - -



= (k% (an, 2v) — k1 () (K1) Tk 1 (21) Iy

= S?VIJ;

Hence, the equality in Lemma [5] reduces to

sk (11l = 1152 ) = lyw = F G 3 -

lyn — fN(zN)Hg = 0. Given Lemmas 4| and , the following
is immediate:

This indicates that, given a new (zy, y;H, if sy = 0, we have

Theorem 6 (Behavior Representer Theorem). Let (2, y¢ ) tT:_Ol

be a length-T trajectory of regression and output vectors for
an unknown f, € Hz, ie.,

yh = f.(z) foreacht=0,...,T — 1.

Let [u(.;,yi.. )" be an element of B(f.)|r, and let (2o, yo+)
be computed according to (). Then the following holds:

1) If Xr(z0) = 0, then yo+ = kT(zO)K}YT, where K1 and
Yr are computed from the data according to and
Yr = [(y§+)T, Ty, (y?T_1)+)T]T.

2) If ¥7(z0) > 0, then

127 (20) "2 (yor — kr(20) KL Y73
= fre1ll3, — I frll3.,
<Wfllfes = I1frl3es

21

where fr (respectively, fry1) is the minimum-
norm interpolator of {(z?,yﬁ)}f:_ol (respectively, of

{Gh y )} iZa U {(20,904)}-

The condition ¥7(zp) = 0 describes the setting when exact
reconstruction is possible. By Lemma [4] this will be the case
for all pairs (z,y+ = fi«(z)) for which range(rkz(-,2)) C
range(Pr)}. If zo does not satisfy this condition but X7 (zg) >
0, we can quantify the reconstruction error using (21)). For LTI
systems, a sufficient condition for the existence of unique
minimum-norm interpolating solutions is

which is the classical persistence of excitation condition
[21, 122]]. Exact reconstruction is possible when zy €
span(zd,...,23 ). In the nonlinear setting, the condition
Y1(20) = 0 plays an analogous role via Lemma

It is useful to compare Theorem [6] with the fundamental
lemma for LTI systems (cf. Section [[I). The latter characterizes
behaviors through the image of the Hankel matrix built from
observed input-output trajectories. Theorem [6] of this section is
conceptually analogous, but is phrased in terms of a different
data representation based on regression vectors, which are
formed from inputs and past outputs. A related perspective on
the fundamental lemma via regression in reproducing kernel
Hilbert spaces was recently explored in [15].

V. SUBSPACE IDENTIFICATION IN THE VECTOR-VALUED
RKHS SETTING

We now revisit systems that arise from state-space repre-
sentations, as in Section |[[II-C3| We will focus on a particular
class of such systems, namely ones that can be represented as

T = Az + Bo (uy),

22
Yt = C.’ﬂt + D¢ (ut) ( )

where ¢ : Y — R is a mapping from the input space &/ = R™
into RY.

Given (A, B,C, D), we construct the L-step controllability
matrix Cy, the L-step observability matrix Oy, the reversed
L-step controllability matrix Ay, and the L-step modified
Toeplitz matrix 77 exactly as in (I1). The L-step Toeplitz
matrix is given by

To =T, +1,®D.

Let {(uf,y)}/-y denote input/output data of length T
collected from measurements of starting from some initial
condition zg € R”. In the LTI case (i.e., when ¢ = m and
¢ is the identity map), subspace identification methods [17]
allow one to reconstruct, under certain regularity conditions,
the state trajectory xr,...,zp_r and the observability matrix
Oy, directly from the input/output data without knowledge of
the system matrices A, B, C, D.

In this section, we show that these methods can be extended
to the set-up of when ¢ is an element of a suitable vector-
valued RKHS on U/. Moreover, we obtain a result in the spirit
of the fundamental lemma for LTI systems, namely that the
set of all valid length-L input/output trajectories of 22) can
be reconstructed directly from the data {(ug,y)}7 " without
an intermediate system identification step.

A. The construction of a vector-valued RKHS

There are various ways of instantiating the state-space
model (22)) in the vector-valued RKHS framework presented in
Section i.e., choosing a suitable R?-valued RKHS #,, on
the input space U with reproducing kernel x so that ¢ € H,.
Perhaps the simplest one is to define the operator-valued map
k:UXU— LR?) by

K, ') = g(u) @ p(u'),

which is readily seen to be of the positive type since, for any
n, any aq,...,a, € R, any uy,...,u, € U, and any v € RY,

n
Z a0 (K (s, uj)v, V)Ra

ij=1

= > iy (d(ui), v)ra((u;), v)ra

1,j=1

= (Z az‘<¢(ui)av>w>

> 0.



By [20l Prop. 2.3], there is a unique RY%-valued RKHS #,, of
functions on U with reproducing kernel . The kernel  has
the convenient property

((w), p(w))ge = Tr (k(u, ). (23)

B. Subspace identification using RKHS methods

We now have all the ingredients in place for putting together
a subspace identification framework analogous to the one for
LTI systems [17].

Let the input/output data {(ug,ys')};/_" be given. Introduce
the Hankel-type block matrices

Yo o YPar
I_Yp-| _ e Y¢ 11 (24)
vt Y )
_ySL_l y%—l i
and
[ ¢ (ug) ¢ (ud_op) ]
{Uli-‘ _ ¢ (uf 1) ¢ (up_p) 05
el ] o)) o (uf_y)
_925 (ugL—l) ¢ (U%—l)

i

where p and f designates a partition into “past” and “future’
data. Let H}, and Hy denote, respectively, the concatenations
of Up and Y, and of U; and Y5:

U, U
H, = {Yp]’ H; := [Y:]
p

Similar to the linear case, let II denote the oblique projection
of the rowspace of Y; onto the rowspace of H, along the
rowspace of Us:

:=Y; / Hy,
up

which satisfies rank(IT) < T — 2L + 1. Let the SVD of II be
given by

2 0] vy ,
I=[U; U [01 0} {Vﬂ = U o VY.

Following [L7], let Xt := [xL Tr41 xT,L], where
xy is the state trajectory of (22) determined by the initial state
x( and the inputs u?. In the LTT case, X can be recovered, up
to a similarity transformation, via the formula Xy = E}/ 2V1"'
(see, e.g., [L7, Theorem 2, Chapter 2]). In fact, the same result
holds in the present nonlinear case (the idea is to view vy :=

¢(uy) as an input to an LTI system given by (A, B,C, D)).
Given the input/output data, let

0 (“8) ¢ (udT—szn)
Uqb — ¢ (ugL—l) T d) (u%—n) 7 (26)
¢ (USL) ¢ (Ud:r,n)
_¢ (ugL—l-&-n) d) (U%_l)

and form the input Gram matrix of depth 2L + n as K" :=

(UYU® with entries [K“];; = Yred" ' (u?+k7u?+k>.
The following theorem is a straightforward adaptation of

subspace identification results for LTI systems:

Theorem 7. Let {uﬁy?}z:ol be a sequence of length T
generated by the system (22), where (A, B) is controllable
and (A, C) is observable. Suppose that the input sequence
is such that rank(K%) = (2L 4+ n)q. Then, 11 = Oy Xt and
X; = 51%V)

The process of computing the oblique projection and con-
structing the state vector can be carried out using Gram
matrices computed from pairwise kernel evaluations x, without
explicitly using ¢. Speciﬁcallfy, define the Gram matrices
Ky = (Ug) Ug. Kp = (UF) U, and KJ = ¥;Y,,, whose
entries are

L-1
[Kg]ij = Z <¢(u?+k)> ¢(u?+k¢)>RNI

k=0

L-1
@ Z Tr (5 (uf g, uyr)) s
k=0
L-1

[Klzl]ij = Z <¢(U?+L+k)7 ¢(u?+L+k)>RM

k=0

L1

b

& Z Tr (1 (“?+L+kv “?+L+k)) J
k=0

L—-1
(A d 7 d
(K8 =) Y Y
k=0

respectively, where (a) and (b) follow from (23).
The oblique projection can be computed as

=Yt/ H,
uf
T
v [y @] ( o [ Wt ﬂ) ] o
T
:YfGHpT ] ng) [ wey] |7

—V; (K¥ + KY+ Kp)' (K2 + KY),
where the second-to-last line follows from the identity
z(z'2)t = (za")te.
To construct the state vector, instead of directly performing
SVD on II, we construct U, X, and V such that IT = UXV”



via eigendecomposition of IT'TI and IIII". Denote K¢ :=
K+ KY+ K¢ and K, := Ky + K and notice that we have

E7dl

— T —t =
' =K, (Kp,f) VY KK,

K (%) kE ’
—p p.f f Dp,fiip
—T — —t =
:Kpr7fopr7pr.
1/2

Then, we can obtain (oi as the eigenvalues and right

v)
b2
eigenvectors of IT"TI. Likewise, we have

M =YK (K KpK, (Vi

Denote I' := F;ffpfgfl’f. Then, we have

YiLYY (Yizi) = 0% (Yizi) & TY'Yi & = 0,76,
W-,/
=K/
That is, IIII" = Y;I'Y;" has an eigenvector u; = Y&

associated with eigenvalue ail /% iff & is an eigenvector of 'K/
corresponding to the same eigenvalue. With U = [uy, -+, u,),
¥ = diag(oy, - ,04,), and V = [vq,- -+ ,v,], we can define
the extended observability matrix Op, and states X7 (up to a
similarity transform) as

O, =U"? X;=Vvx'/2

The following corollary is immediate from the above process.

Corollary 8 (Construction of state vectors). Suppose
that (A, B) is controllable and (A,C) is observable, i.e.,
rank(Or) = rank(Cr) = n. Let input-output data
{(ud, ydh) Z:ol of length T be given. Suppose the input
sequence is such that rank (K3, ) = (2L+n)q. Let (S'/2,V)

T S 11—
) K'K,: 'K, and

be the eigenpair of ?; (Fp’f71

_ 1 7 _ T
(BY/2,2) be the eigenpair of K¢ 1KPK; (Kp’f 1) K.
Define U = Y;=. Then the extended observability matrix is
O = UXY2 and the state sequence is Xy = vyi/2 (both
up to a similarity transformation).

The next result explicitly connects subspace identification
to an RKHS version of the fundamental lemma for nonlinear
systems admitting state-space realization (22)).

Theorem 9. Consider the state-space model (22)), where (A, B)
is controllable and (A, C) is observable. Let input-output data
{(uf, yYi=! of length T be given, and suppose the input
Gram matrix is such that rank(K3; ) = (2L +n)q and that
L is chosen so that Oy, has full column rank. Then a length-2L
Up:2L,—1
Yo:2L—1
system [22)) if and only if there exists & € RT =241 such that

kY K4 kY K
P| — p d f| f
] = [ o i) =[] ¢
where, for ®o.ar—1 = [d(uo),...,d(uar—1)"", the vec-
tors k; = (UI?)7V(I)0;2L_1 and k‘;l = (Uf(ﬁ)T(I)o;QL_l have
entries given by [ky]; = Zf;ol /i(u?+r,ur), (k]

L-1 d .
Yoo KUy s urgr); and kY = Yiyor, k{ =
Y{yr.or.—1 are the Euclidean inner products of outputs.

sequence [ } is a valid input/output trajectory of the

In the context of the above theorem, we can view
(Ky, KY, K¢, K{) as kernel matrices of the “offline” training
data generated by (22). By splitting the kernel vector of the
“online” testing sequence Pg.o7,—1 into two parts (past and
future), we test whether one can interpolate the kernel matrices
of past and future using the same coefficients, where the initial
length-L segment of the testing sequence specifies the initial
condition for the subsequent length-L segment. A similar
observation for LTI systems on the specification of initial
condition has been given in [5, Proposition 1]. In the proof of
Theorem [0 we further show that the trajectory passes through
a state 77, at time L that is a linear combination of states from
the training data, i.e., T = X for some &.

In light of Theorem@], we can compute the predictor §r.or 1
via

Jror—1 = (Y{)TkY = (Y{) KY€,

where £ is the solution of the following equation,

kp Ky
k| = |KY| €
kit Ky

The interpolation-based method in Section [[V]| characterizes
the future output Y; using kernelized offline data to make
predictions regarding the online data. On the other hand,
the realization-based method aims to capture the output
Yi+L—1 as linear functions of states Xy and kernelized input
vectors ¢(ug), . . ., ¢(ur+r—1). The preference between the two
approaches depends on the memory length L and the state
dimension n. E.g., in the regime L >> n, the states serve as
an efficient representation of the system’s history.

VI. CONCLUSION

In this paper, we have put forward a behavioral framework for
modeling a class of nonlinear systems in a vector-valued RKHS.
This formulation is rich enough to cover LTI systems as well
as nonlinear systems modeled by Volterra series, autoregressive
models based on Volterra series, and Hammerstein-type state-
space models. Using this framework, we have analyzed two
methods for data-driven modeling of such systems, minimum-
norm interpolation and subspace identification. We have
clarified the role of various structural assumptions on the
system, the data (both offline and online), and the vector-valued
RKHS that represents the nonlinear aspects of the system. More
broadly, this work expands the scope of behavioral systems
theory to nonlinear systems. In doing so, it reinforces the
conceptual shift underlying data-driven control: rather than
aiming to recover the state evolution, one can directly actualize
the desired behaviors using observed trajectories.

APPENDIX A
PROOF OF LEMMA [2]

Let || - ||y and || - ||y be the Hilbert-space norms on V' and
W induced by their respective inner products. Consider the



evaluation functional ¢,
Awv. It is bounded since

190 (A)llw = [ Avlly
< Allzwwy lI0lly
<[ All3 lvfly

: LV, W) — W given by 6,(A) =

where the last step follows from the relation

HAHL(vyv) = sup (Av, Av)wy
vev, ol =1
= sup (v, A* Av)y,
veV, [lvlly,=1
< [|Alla.

Hence, H is an RKHS. We next show that % (v,v") =
(v,v")p Iy is the reproducing kernel. It is obvious that k
is of the positive type. To show it satisfies the reproducing
property, notice that for any v € V and w € W we have

=Tr (A" (w ®v))
= (A, w®v),y,

(Av,w),,,

where w ® v € H is the rank-one linear operator (w ® v)v' =
(v, v")pw.
On the other hand, for w € W, we have
KV, v)w= @, v)yw=(wv)v.
Hence, we have
<Aa K('? v)w>7{

That is, x satisfies the reproducing property.

= (Av,w),,

APPENDIX B
PROOFS FOR RESULTS IN SECTION [[V]

A. Proof of Theorem

Let cq, - - -
the relation

,cr—1 € R be given. For each 7 =0,--- ;T — 1,

<y]d'+ ) 7)>y = <f7 52('7 Z;'l)v>7'lz

holds for all v € Y. Multiplying both sides by ¢; and summing
over j =0,---,T — 1, we have

T-1 T-1
<Z cjy?+,v> = <f, Z cikz (- z;-i)v>
3=0 Y J=0 Hz
T—1
- <z cjf<z;-i>,v> |
Hz

J=0

for all v € ), where the last line follows from the reproducing

property. Hence, the pair (E]T;Ol cikz (s z;i)7 Z?;()l cjy;h)
satisfies Eq. (3) as claimed.

B. Proof of Lemma
Define the following subspace Hy of Hz:

Hy :=span{rz(,z)v, i=0,--- ,N -1, veY}

= range(Py). (28)

Let Iy denote the onhogonal projection onto # and notice
that HN =dN (PNPN) Using this in the definition of

) in (I8), we get

S (2) = kz(z,2) — kn(2) KL kn (2)*

=kz(2)'kz(-2)

—rz(,2) Oy (DR DN) (52(,2) D))"
= rz(2) (I - On(yON) @Y )Rz (,2)
=kz(,2)"(I —IN)kz(: 2).

Hence, for any v € RP,

VEN(2)v ="kz(, 2) (I —IN)kz(, 2)v
=1 =Tn)rz ()l -

Hence, X (2) is positive semi-definite. In particular, X (2) =
0 iff (I —IIy)kz(-,2)v = 0 for all v € RP, that is, if
kz(+, z)v € Hy = range(Py).

C. Proof of Lemma [3]

Since fy 1 interpolates {(z;,:)}Y 5!, we have for all v €
Yadi=0,---,N—1,
<fN+17KJZ('a

= (fn+1(21),0)y
On the other hand, for ¢ =0,--- , N

= <yivv>y
—landallve),

Zi)v>7-[z

<fN+17HZ('aZi)U>HZ
= (n[fnia] + Ol fasl k2 (-
= (On[fNsa],k2(- 2

Zi)v>?—tz

i)v>7{z )

where II; = I — Iy and Iy is the orthogonal projection
onto ”HN. Since v is arbitrary, IIx[fn+1](z;) = y; for
1=0,: N 1, i.e., both fxn and IIy[fn41] interpolate

{(zi, yz)} !, Since fy is the unique minimum-norm solution
in Hpy, it must be the case that fy = IIx[fn41]- Hence,

fni1r — fv = e — N [fya] € Hay

That is, there exists some £y € ) such that

Sy =Mx[krz(, 2v)EN]- (29)

fngr —

We now determine &y . By the reproducing property, we have

(fns1(zn),v)y
= (N1, k25 2N)V) 5,
= (v +Oy[rz (- 2n)én], k2 2n)0),,
=(fn, /iz(‘»ZN)UMZ
+ My [rz (s 2n)én], k2 2n)v),, -

(30)



For the last line, applying the reproducing property again,

we can write the first term as (fn,xz(-, 2N)V)n 2

(fn(zn), > y. For the second term, by orthogonality we have
< W ZN gN] ﬁz( ZN)U>7-LZ

<HN kz(,2n)&) Ty [rz (- 2n)v D

<£N7HZ(ZN7ZN) >Hz

— (IIn[rz(2n)En], Onlrz( 2n)v]) gy,

where we have used the fact that, since Iy is an orthogonal
projection,

(TInh, TIN0 Vg, = (b TINH Vg, = (TInh, B )ay

for all h, h' € Hz. Since Iy is an orthogonal projection onto
‘H, we have

N-1
In[kz(2nv)én] = ) rkz(,25)y,
§=0
and
N-1
HN[ KZ y %5 By
7=0
where @ = (ag,---ay_1) € YN and 3 =
(Bo,...,Bn_1) € YN~! are the solutions of Kya =

kn(zn)én and Ky B = kx(zn)v. Therefore,
(Tn[rz(2n)én], Oz (5 28)v]) gy,

N-1 N—
= <Z I{Z(',Zj)aj7 K’Z(sz)ﬁj>

Jj=0 j=0
= <d7 KNB>))€B(N—1)
= <KJTVkN(ZN)§Na KNKJTVkN(ZN)U>

= (&v kv (2 Kk (eno)

Hz

yen-1)

where the last line holds since K]TVK NK}LV = Kva-
Putting everything together and using the definition of
Y n(zn), we arrive at

(My[rz(2n)én] My lrz (- 2n)0)),,
— (&n, Rz (28, 20)0)y, — <5N, k}‘v(zN)K;r\,kN(zN)v>y
= (€N, En(2N)v)y -

Plugging the above relation back into (30) and using the fact
that v € Y is arbitrary and that Xy (zy) is self-adjoint, we
see that £ is determined by the relation

Ini1(en) = fr(en) + En(2n)én.

As fyy1 interpolates (zy,yn+), i-€., yn+ = fn+1(zn), we
can further write

En(en)én = yn+ — In(zn). 3D

Hence, when Xy(zy) = 0, we will have fy(zny) =
INt1(zn) = yn+.

Next, applying the Pythagorean theorem in (29), we have

il = x5 + M Tz Cozn)éd]),,
+ €N, En(2n)En)y s

where the last line follows from the definition of X ,,. When
Yn(zn) > 0, from (3T) we have

2
= /515,

I fvl5e, = x5,
= (I3 (an) (un+ — In(zn)) s une — fn(en))y

= HZEUQ(ZN) (yn+ — fN(ZN))Hi

This concludes the proof.

APPENDIX C
PROOFS FOR RESULTS IN SECTION[V]
A. Proof of Theorem [9)

In our model (22), we can view v = ¢(u) as the
g-dimensional input to the LTI system parametrized by
(A, B,C, D). Consequently, the argument in the proof in [26]
Theorem 1] extends directly to our setting and guarantees that
the matrix

ug
¢
Xo

M= c RCLa+n)x(T-2L+1)

has full row rank.

Do.or—1] . o .
(=): Suppose that [ } is a valid input-output trajec-
Yo:2L—1

tory of (22). Then there exists an initial state Zo such that

Yo:r—1 = OrZo + T Po.—1.

Do., 1

Since M has full row rank, for any |®r.0r 1
T
there exists some & € RT 2L+ guch that

c RQLq D Rn’

Po.r—1
Qrop—1| = ME.
Ty

Thus, we have

|:(I)O:L1:| _ (1 0 ] |:(I)0:L1:|
Yo:L—1 7. O Zo

7. O] [ Xo
_Yp

Moreover, from the dynamics @), we have
=A"Xo+ALUY. (32)
Hence, at time ¢t = L,
zp =ALTo + Ap®o.p
=(A"Xo+ALUY) €
=X;€.



Thus, starting from Ty = X¢& with input sequence ®p.op 1 =
Uf¢ &, we have

[‘I)L;le] _ (1 0 } {q)LQLl]
YL:2L—1 7. Or T

[ o Ufg
T 0oLl | X:
= g}fb g.

f

¢ ¢
(<) Since {ZOILl] = [[{/p} &, and [gfp} is constrained
0:L—1
by (22), we have ’ ’
U}‘f ¢ = I 0 Ul‘f ¢
Y, T. Ornl [Xo

|:(I>O:L1] _
Yo:L—1

Yo:—1 = Yp& = OrXo& + TLUZE

Hence,

Since ®g.;,_1 = Ur‘f’f, we conclude that yg.r,—1 is the output
from Z := Xo& with input ug.,—1. As (Po.1,—1,Y0.—1) is @
valid input-output trajectory, we can use (22) and X defined
in (32) to obtain the state vector at time L as

zr = A"Zo + Ap®o.p—1 = AX X + ALU;fé“ = Xi¢.
(33)

For the second segment, using the assumptions and the
matrix input-output relation for Uf‘l5 , Yr, we have

[éLzle} _|U? ‘- [I 0 } Uy
Yr2n—1 Y To Or] | X;
Thus, we have
Yr2r—1 = Yi€
= OLXe& + TLUPE

=012+ T ®Pror—1,

where the last equality follows from (33). Therefore, we
conclude that yr.or 1 is the output from Zp = Xi& with
input ®r.0r,_1.

Putting everything together, we have

|:(I)O:L—1:| _ [Uff} ¢ |:q)L:2L—1:| _ U ¢
Yo:L—1 Yo ] lyrpoer—1 Yr
_ , . ust oo
Multiplying both sides of the first equation by 8 v
P
v
and the second equation by (f) v proves the claim.
f
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